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Abstract: In this article, we study the problem of quantum dynamics with neutral cold atom in two different kinds
of external field configurations. We demonstrate in the presence of a configuration of crossed radial electric and
uniform magnetic fields or in the presence of a configuration of crossed radial magnetic and uniform electric fields
the induced electric dipoles in a system of neutral cold atoms have a quantization similar to the Landau Levels.
The energy levels and eigen functions are obtained.
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I. INTRODUCTION

The study of the quantum dynamics of charged and neutral particles in the presence of electromagnetic fields is
responsible for a series of geometrical and topological effects in physics. The interaction of an electromagnetic field with
a charged particle, plays important role in the generation of collective phenomena, for instance, fractional statistics [1]
and the quantum Hall effect [2]. The quantum motion of a charged particle in the presence of a constant magnetic field is
described by Landau theory. The Landau quantization in two dimensions makes the energy levels coalesce into a discrete
spectrum. The Landau levels present a remarkable interest from many points of view. It is the simplest model necessary
for the description of the quantum Hall effect. On the order hand, the Landau levels were studied for different curved
surfaces [3, 4] with the interest in several areas of physics. The idea of analogs of Landau quantization was proposed
initially by Ericsson and Sjorvist [5] inspired in the work of Paredes et al [6, 7] that studied the possibility of an analog of
the Hall effect in Bose-Einstein condensates. The idea of Ericsson and Sjérvist was that the Aharonov-Casher (AC)
interaction can be used to generate an analog of Landau levels in systems of neutral atoms. They used the AC interaction,
for a neutral particle with a permanent magnetic dipole, and proposed the analogy with the Landau levels quantization, for
certain field-dipole configurations, that they have denominated of Landau-Aharonov-Casher (LAC) levels. Result is
interesting and suggests the possibility of quantum Hall effect for magnetic dipoles in the presence of an electric field. In
recent years the advance of cold atom technology made it possible to simulate several solid state effects employing
neutral atoms and techniques from quantum optics [8-10]. Recently, the neutral atoms techniques to simulate the
behaviour of a charged particle in this systems [11, 12] has been developed. In this way, the study of systems that
simulate the strongly interacting system in a cold atom has attract much attention in recent years [13, 14]. In the present
work, Claudio Furtado [15] has studied the induced electric dipole which has a exact dipole moment in a radial electric
field crossed with uniform magnetic field configuration and has given the energy levels and eigenfunctions. However,
he’s work is not comprehensive. In this work, we will analyze the quantum dynamics problem with an induced electric
dipole in two different kinds of external electromagnetic field configurations. This field configuration confines the dipole
in a plane and produces a coupling similar to the coupling of a charged particle in the presence of external magnetic field.
In Sect. I, we briefly outline the Claudio Furtado’ work and give analyses about the energy levels. Based on the present
work we will emphatically study the properties of an induced electric dipole in a new electromagnetic field configuration
in Sect. I11. In this letter we adopt the systems of unity were h = ¢ = 1.
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Il. COLD ATOM IN THE PRESENCE OF A CONFIGURATION OF CROSSED RADIAL
ELECTRIC AND UNIFORM MAGNETIC FIELDS

The cold atom is treated as structureless induced dipole moment. We consider that our system was submitted the
following radial electric field

E= grér, @)

where p is the charge density. The system is also submitted to the external uniform magnetic field
B = By, (2)
The presence of electromagnetic field induces an electric dipole moment in the cold atom given by
d =«k(E +vxB) 3)

where k is the dielectric polarizability of the cold atoms and v is the velocity of the atom. The Lagrangian in the presence
of the electromagnetic field described in the paragraph above, in the nonrelativistic limit, is given by[16]

1 1
L=§Mv2+5d-(E+va), (4)

where M is the mass of cold atom. Using the dipole moment given by (3) we obtain the following Lagrangian in cold
atoms

1 1
Lzz(M+KB2)V2+EKE2+KV'BXE. ®)

According to the relationship of the translation between Hamiltonian and Lagrangian H = —L + Y. p; v; we can get the
Hamiltonian of the system

1 1
= —_— 2 __ 2 6
H 2m*[P+K(E><B)] S KE?, (6)

where m* = M + kB? and P = m*v + kB x E. The Hamiltonian (6) presents an analogy to the minimal coupling for a
charged particle in the presence of the magnetic field. We can define then the effective potential vector as being Ag¢ =
E X B. Using the field configuration given in (1) and (2), we obtain the following effective vector potential

1
Aeff = — E Bopréq,. (7)

Using the definition above we can go on to define the effective magnetic field associated with the effective vector
potential as

Ber = Bop€,. (8)

Note that this configuration of effective magnetic field is uniform. This configuration with the dipole configuration and
movement of dipole restricted to the plane satisfies the conditions demonstrated by Ericsson and Sjorvist to obtain the
analogous of Landau Levels, that are: B¢ uniform, absence of torque on the dipole and electrostatic conditions % =0
and V X E = 0. All these conditions are satisfied by the configuration presented here that are similar to configurations

presented in ref. [17]. In this way we write the stationary Schrédinger equation for this system, in cylindrical coordinates,
in the following form
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1 |10 Y 1 321/, iw 0P m*w? , m*2 w2 ,
- i o 4 W o B tadht _ _ 9
2m* [r or <r 67") r2 d¢p? 2 d¢ + g 4 8K B2 Y = ey, 9)
where o = %. We use the following Ansatz to the solution of Scrhrédinger equation
¥ = Ce“*R(r), (10)

where £ is an integer number and C is a normalization constant. Using Eq. (10), Eq. (9) assumes the following form:

2 *, 2 *2 2
(R”(r)+%R’(r)—f—2R(r))+<e+€—w—mw 2 Y r2>R(r)=0. (11)

m 2 8  8kB?

Now, We use the following change of variables

m w
E — 5 I.Z. (12)
In this way, Eg. (11) can be transformed into
R" R' o il R(& =0 13
SR + (f)+<—z+ﬁ—4—5> =0, (13)

where B = i— g and§ =1+ %. Assuming, for the radial eigenfunction, the form
0

R(?) = e %/2gl12(F), (14)

We obtain a degenerated hypergeometric equation that is satisfied by the function ¢(&) given by
0(&) = F[-v, €] + 1,8¢], (15)

wherey = — w. Then, the energy is given by

] 1 £
Ene = (n + > + E) Sw + Ew, (16)

where n is an integer number. In the limit that 6 — 1 the eigenvalues are given by

4l 1 4
= LTI 17
Eng (n+2+2+2)w. 17)

Note that, this limit is characterized by a high magnetic field. In this case the system is similar to Landau levels of a
charged particle. The radial eigenfunction is then given by

1 21 + )12 512 Sr?
_ (£] + mb “)] % <_4—:2>er”F[—n,|€|+Lﬁ]’ 1o

R PIEIVIE

where a = /K:B . In this section we study the eigenfunctions and the eigenvalues of a neutral cold atom with an induced
0

dipole moment in the presence of crossed radial electric and uniform magnetic fields. The field configuration is the same
of Claudio Furtado [15] and confines particles in two dimensions. In a strong magnetic field, the energy levels are similar
to Landau levels. Based in this fact the possibility of an atomic analog of the Landau quantization to electric dipole is
presented in a similar way to Landau quantization investigation of the magnetic dipole [5]. This effect can be viewed as a
first approach to investigate a atomic analog of quantum Hall effect with electric dipoles in cold atoms.
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I11. COLD ATOM IN THE PRESENCE OF A CONFIGURATION OF CROSSED RADIAL
MAGNETIC AND UNIFORM ELECTRIC FIELDS

Now, we concentrate in the analysis of a Landau levels analogue for the quantum dynamics of an electric dipole in the
presence of crossed radial magnetic and uniform electric fields. The central idea of this letter is similar to the approach
developed by Ericsson and Sjérvist to the LAC levels, presented previously in this letter, using a Schrédinger equation
approach. In our study of this problem we demonstrate that in specific field-dipole configurations we have a quantization
similar to Landau levels. We consider a radial magnetic field in the following form

B= 71@“ (19)
where p,, is magnetic charge density. We can see clearly that this configuration is generated by a distribution of magnetic
charge. The arrangement of field configurations with the radial magnetic field is more difficult to achieve experimentally,
due to the fact that, we need a distribution of magnetic charges. We can observe in the literature that this kind of
arrangement would be possible. Some authors have claimed that this configuration can be obtained experimentally as in
the arrangements presented in the articles [18,19]. And our system was submitted the following electric field at the same
time

E =E8, (20)

Due to the induced electric dipole is invariable when we change the external field, we use the electric dipole given in
(3).Then the nonrelativistic Hamiltonian that describes the quantum dynamics of the electric dipole, in the presence of the
external field (19) and (20), is given by[16]

1
2m*

H= [P + k(E x B)]? — %KEZ, (21)

Next, we give the effective vector potential similar to Eq.(7) in section Il
1 ~
Aeff =EXB= EmeOreq). (22)

Then we can get the effective magnetic field as
Beir = VX A = ppEge,, (23)

Note that x plays the role of a coupling constant in (21). Here the same condition found by Ericsson and Sjorvist [5] is
obeyed for the existence of an analogue of Landau levels. Using Eq. (23) we have that B¢ is homogeneous.It obeys the
necessary conditions for the existence of a analogue of Landau Levels. The stationary Schrddinger equation in cylindrical
coordinates is

K
— Z st A Wit Y Pl U P
2m* |r dr rar + r b=ey, (24)

110 ( a¢>+ 10%] 0oy mw? E2
r2o¢?| 2904 8 2

where w = KmeEO This equation is solved using the following Ansatz

= Ce"PR(r), (25)

where £ is an interger number and C is a normalization constant. Substitute this wave function (25) into the Schrddinger
equation (24) we obtain the radial equation

1 £? kE2 wf m'w?
(R”(r) + " R'(r) — r—zR(r)> + <£ +———-- rz) R(r) = 0. (26)

2m* 2 2 8
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Now, by using the change of variable ¢ = mT*mrz , EQ. (26) is transformed into

n ! E fz —_
R (E)+R(E)+<_Z+B_4_§) R(®) =0, (27)
where

e ¢ «xE?
B=— - 40 (28)

T 2 2w

Assuming, for the radial eigenfunction, we can write the solution in the form

R(E) = e #2827 (®), (29)
which satisfies the usual asymptotic requirements and the finiteness at the origin for the bound state, we have
d*q d¢
> — ==y = 30
e [(€]+1) =g] T Y$=0, (30)
wherey = — WTH. We find that the solution of equation (30) is the degenerated hypergeometric function
4(&) = F[-v, [¢] + L,]. 31)
In order to have normalization of the wavefunction, the series in (31) must be a polynomial of degree n, therefore
fl+1
ol I2 —n, (32)

where n = 0, £1, +2 ... With this condition, we obtain discrete values for the energy, given by

O L DR (33)
T\ T T2 T 20 )

Note that, duo to the presence of electric field € given in (33) is continuous. If we want to quantize the value of € similar
to Landau levels, only take the limit that E, — 0 i.e. the cole atom in our system only be submitted the radial magnetic
field. Then the eigenvalues are given by

2] 1 {’)
= I+ o 34
Ene (n+2+2+2w (34)

The radial eigenfunction is then given by

1 [(|£|+n)!]1/zexp< r2

r2
_ 1 ) e r
ne = T |21 |22 4a2) xr F[ n el + 1'2a2]' (39)

1
where a = .
kpmEo

In this paper we study the eigenfunctions and the eigenvalues of a neutral particle (cold atom) with an induced dipole
moment in the presence of two different kinds of external crossed electric and magnetic fields. The field configuration
confines particles in two dimensions. In the presence of field configuration of Sect. 11, we find that in a strong magnetic
field, the energy levels are similar to Landau levels. On the contrary, in the Sect. Ill, the phenomenon of landau
quantization can be found when the external electric field is very weak. Note that, in this work, we ignore the interaction
between magnetic moment of cold atom system and external fields in the Hamiltonian given in (6) and (21). In
conclusion, energy eigenfunctions and the eigenvalues of a neutral cold atom with a permanent electric dipole moment in
the presence of two different kinds of external fields are obtained exactly. The energy levels are similar to Landau levels
and they change follow with the external fields.

IV. SUMMARY AND CONCLUSIONS
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